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1 The case of a treatable p(z|x) and the EM algorithm

Given a singlc observation ¥, in the case ofhypothcsis 2 holding,1 that is if the conditional probability p(z|x; 0) is
casy to evaluate, then the approach described above results into:

. first computing

") (z) = plafx;0")

« next, deriving

e+ = argmax Q (p(z|x; G(M), X,0) =argmax E [p(x,20)]
o

0 plelsi0(F))

The idea here is to address the maximization of the log—likelihood 10gp(§, Z; 0) of the joint distribution — that
is not possible since the value z of the latent variable is unknown by definition — by referring to the expectation of
(%, 7 é) with respect to z ~ p(z[%; é)

The method is usually described by the following two steps for each iteration:

Expectation. Given a current value 0(F) of @, derive the expectation of the joint discribution p(i, Z; 0) with respect
to z, distributed as p(zx; 0')): this is a function

E ip(§7 Z 0)]

palo )
of 6
Maximization. Maximize the function Q(6; 0k, X) =E,, .. [p(x 2 0)] wrt 8, obtaining a new value

U+ — argmax  E [p(x,20)]

2] plals:0(F))

Such value provides a new conditional distribution p(z|x; 0" +1)Y and a new function of @ to maximize.

Q(0;0" ) 5y = E [logp(x,286)]

pls0())

The iterative algorithm then starts from any initial value, say 0 of @ and performs a sequence of steps, where
the k-th step computes 0<k+1) from 9<k’) by applying the Expcctation and the Maximization step in sequence.

'Observe that in this case the gradient of the log-likelihood can also be evaluated, and a local maximum 6* can be computed, making
the distribution p(z|x; 0) computable too. However, the EM algorithm introduced here has several advantages wrt gradient methods, such
as for example not making use of a “step” hyperparameter 7, thus avoiding the consequent tuning problem.



We now show that in this case the algorithm monotonically increases (or at least does not decrease) the log-
likelihood log p(x; 0")) as k increases. We already saw how this is extended to the case of a dataset X with more
that one items, by applying amortization, that is Considcring conditional distributions q(z]x).

As we know, for any distribution ¢ and parameter value €, the ELBO decomposition of the log-likelihood holds.

Figure 1: Log-likelihood decomposition

The situation is visualized in Figure 1 where, for a given é, the gap from the black line to the red line corrcsponds
to the log-likelihood of the observable value, which is independent from the distribution g(z). The gap between the
black and the dashed line (which in any case lies between the black and red ones) corrcsponds instead to [,(é, X, é)
and depends also on the choice of g.

We already saw thart, given é, setting q(z) = p(z|i'; é) provides the maximum lower bound of logp(i; é)
attainable, since by definition

K(p(z|x;0),%,0) = 0

The k-th step of the iteration thus includes the following substeps:
E-step
We set q(m (z) = p(z]x; 9(1")), obtaining the following situation, sketched in Figure 2,
K(q™,x,6%) =0
logp(x;0) = £(¢",5,01) = £(p(:Ix;0)), %, 01))

and there is no gap between the blue and red line in Figurc 2.

Lozl 0%),5,0) log p(x; 64)

Figure 2: After the E-step

M-step

Since

logp(x;0) = L(q,x,0) + K(q,x,0)



for any x and any distribution g, this is in particular true for the spccial case when ¢(z) = q(k> (z) = p(z|x; 0<k)),
which implies, in the notation defined above,

log p(x; 8) = L(p(z]x;0")), %, 0) + K(p(]5;0), %, )

with the usual lower bound

logp(x;0) > L(p(z|x;0)), 0)
holding.

Let us consider the maximization of such lower bound with respect to 6.
As already observed, since in general we may decompose £(p(z[x; 0%)), %, ) as follows

Lp(:07),5,0) = B _[logp(x,76)] +H| p(slx;0)) |

plals:0(F))
and since the entropy

H| p(efx;01)
is independent from @, this is equivalent to maximizing

pafz0(F))

with respect to 6.
Let us now consider

U+l = argmax Q(6; 0“:),?)
0
Since 81 is the value of @ which provides the maximum value for £(p(z[%; 0, %,0), we have
L(p(z)%;0"), 5,0 > L(p(zfx; 0)), %, 0)

for all possible values 8. As a particular case, it holds then that (see Figure 3)

L(p(zl5;6")),5,071)
ﬁ(p(z|§;9(kr)),i,9(k7)) 1ogp(§;0(k>)

Figure 3: After the M-step

L(p(z]5; 0", 5,0 ) > L(p(z]x;0)),5,0%)) = log p(x;61))
Since in general p(z|x; O(k’)) # p(zlx; 9(k’+1))7 we have D, (p(z‘x; 9<k)Hp(Z|x; 0(k+1))) > 0 and, as a con-

sequence, the lower bound is strict and in particular (see Figurc 4)

logp(x; 0% 1) > L(p(z]x;01), 5,00 1)



K(p(lx;6"),x,6"1)

log p(x; 9<k7+1>)

Lp(zx;0™),%,01)

L(p(2|5;0"),%,0™) logp(x; 0™)

Figure 4: Decomposition of the new log-likelihood with q(kH) (z) = p(z]x; H(k))

L(p(z]5;6"11),5,01Y) logp(x; 0 1)

L(p(z[x;6"),%,0™)) logp(x; 0))

Figure 5: After a new E-step, where q(kJrl)(Z) = p(z[x; 0(k+1))

We may then verify that, after an E-step followed by an M-step, the estimated log-likelihood becomes larger.
In particular, it increases from

log p(x; 0(’“)) = L(p(z]x; 9(’“)), X, g(k‘))

to

log p(x; 0% FDY = L(p(2]5; 0", x,001)) + K(p(2]5;07)), 5, 001)
ﬁ(p( |§’ O(k))’ X, 0(k+1))
X;

7
> L(p(z|x;07),%,0"))=log p(x; 01)

Y

where the last equality is just < in the general case.
It is easy to see that, in the case of a dataset X = {X1,...,%,}, the k-th step of the iteration includes the
following substeps:

E-step

We set ) (z]x) = p(zlx; 0*)), which results into ¢ (z) = p(z];; 61)).



M-step
Since for any ¢ and 0

logp(X;0) = > L(q,%:,0) + > _K(g,%,,6)
i=1 i=1
the usual lower bound holds .
logp(X;0) > Y L(p([x;;6"),0)
i=1

The decomposition

Lp(lx0")x,0)= E [10gp(i,x;0)]+1H[p(z\i;0<k>)}

P(l\\-g( ))
11 l[) 1€8 that

n n n

E :c(p(ZRi;G(k)),Ki,O) = E [logp(xi,%6)] + E ]H[P(Z!?i;H(/"))}
=1 1=1 p(z‘ii;o”’)) =1
= E [logp(X,7;0)] + E:IH %1 )
;,;(y_\ng(k‘))[ ng( ) ] =1 [p(z‘x ) :|

and since we already observed that the entropy term

3 [ptns0%)]

is independent from 6, this is equivalent to maximizing

n

Q6;0",x)= T [logp(X,7;6)] =y E [logp(xi,6)]

(zIx;0(k X (o0
P i—1 p(z

with respect to 6.

Mixtures as latent variable models

Discrete mixture models can be seen also as latent variable models where hypothesis 2 holds and the EM algorithm
can then be applied.

We remind that in a mixture model che marginal distribution is defined as®

p(x; 7, ©) quxe

A mixture can be modeled, in terms of latent variables, according to the graphical model in Figure 6, where
for each element X; a discrece scalar latent variable Z; is introduced with domain {1, RN K} which is assumed
distributed according to a categorical distribution p(2) = Cat(z; 7), such that T, = p(z = k). We shall denote
as ¢ the set of all parameters, ic. P = T U O.

By introducing the latent variable z € Z = {1, ..., K}, we define the joint distribution

p(x, z;9) = p(z; ™)p(x|2; 0)

*We remark that the symbol g refers to a completely different distribution than the one considered above, and in the ELBO discussion.




+@

Z; ~ Cat(z; )

©©

n X; ~ q(x; 0’”)

Figure 6: Graphical model of a mixture

The corresponding marginal probability is given by

K
= Zp(z =i;m)p(x|z = i; O)
=1

from which the interpretations m; = p(z = i; 7) and ¢(x; 8;) = p(x|z = i; ) of the mixture components result.
As we may check, the conditional probability p(z|x) can be computed here, assuming the distributions g(x|2)
can be evaluated. In fact, for j =1,..., K,
pixlz = ji)p(z = j;¥p) _ alx05)m;
p(x; 1) Zfil q(x; 6,)m,

This makes it possiblc to apply the EM algorithm, since, as shown before, in Corrcspondcncc to the k-th ex-

p(z=jlx ) =

pectation step the conditional probabilities p(z|%;; 1p<k)) are considered for ¢ = 1,...,n, cach defined by the K
values A
(Z —j“(,,’l,b( >) - ]< )(/)
for j =1,..., K. That is, by the values
k k—1
A/(kg) (() _ q(xn 95 ))71'5 )
T CHEUE

must be computed.
From the discussion on the expectation-maximization algorithm, this results into the following function to be

maximized in the M-step:

n K
Qe ™), X) =) Y logp(si, 2 9)p(= = jlxis b))

i=1 j=1
K
_ZZ /< ' i) log (m;q(x; 6;))
=1 j=1
n K
_22,5 i) log 7; —1—2qu i) logq(xi; 05)
i=1 j=1 i=1 j=1

First, let us take a look at the maximization wrt the component probabi]ities 5.
As already shown, the maximization with respect to 7 provides

n

x 1 )
e = Ly

=1



Let us now remind that the maximization wrt component parameters 0, results into

(k)

A/

Z - ‘ ver (Xu 7"):0

i—1 q “17

Gaussian mixtures

In this case, we have 6, = {p,r, Zr}, the mean and covariance matrix of the 7-th gaussian

A 1 1 1 _
a(x; pr, ) =N (x5 pr, By) = WWCXP <—2(X — ) S (x - l%))

~(F)

In the E-step, given the current values Tr(/"'), (")(k>, the coefticients Y (izj) are Computed as already shown

when gaussian mixtures were introduced, that is as

N s, 3
ZflmA)N’( (A) Z( ))

k)
7 (&) =

In the M-step, new values aE+D) @+ gre computed by maximization of Q(r, 6; N IO X). As already

shown this results into:
n

1 1 !
) = L300y

=1

The maximization wrt K corresponds to solving

n (k)
(x:)
> Ny 5y ¥ A s %) =0

=

which we already saw is

s = Z%l 7 ()%
> i1 V5 (%)
As a consequence, we have
WD) 2in1 ”/f‘k) (Xi)xi
j Z?ﬂgm(%)
Similarly, the next value for 3; derives in general from the solution of

V N\M ? j _0
ZN \Z’IJJJ’ ) ( IJ‘J )

Wthh can bC pI‘OVCd to bC

Y= X; — AT
j = 271% %) ;’YJ )(7 HJ)
—
= =—— > _viE)ss" = pip]
21 7 )le o 1



As a consequence, we have then

3

k+1 k k+1 k+1
ES ) _ - T _ “S )ij )T
Zz 1 /7 "i i=1
Nortice that, indeed,
1. knowmg ik ), ,uﬁm, ijk) for j = 1,..., K makes it possible, in the E-step, to compute “,/jk) (x;) for j =
.,Kandz- 1,....n

. also knowing (k)( iJforj=1,...,Kandi=1,...,nallows, in the M-step, to compute 7T‘§k+1), /,L'g»k—H),

Mixtures of Poissons

In the case of a mixture of K Poisson distributions both Z and X are discrete, thus implying that p(z) and p(x|z) are
both discrete distributions (in this case categorical and Poisson distributions). In terms of marginal distribution,

we have a mixcure, again:
p(z;m, A) E miq(x; Ai)

with

e M \E
q(x; ) = k

zl

In the EM algorithm, the expectation step requires computing

RCI.
(kye o A"

V) () = — il

Vi i) = BN
P e el

r=17r 7l

For what regards the maximization step, the new values 7* 1) are still given by
g P, g Y

k 1 k) (-
775‘ = EZ“/‘E )(Xi)

derive by setring

(k+1)

while the new values A ;

T=X;

i k Xq
=37 (@) <—1 + A,)
; J

which results into




